Warehouse is the cornerstone for organizations that base their strategic decisions on the large scale processing of numerical data. The success of the organization depends on these decisions and hence it becomes extremely important to have a quality data warehouse. Conceptual models have been widely recognized as a key determinant of data warehouse quality during the early stages of design. Recently, metrics have been proposed by authors based on hierarchies to quantify the complexity and inturn quality of the conceptual models of data warehouse. They have formally corroborated the measures against Briand's property based framework to ensure their validity. However, Briand's set of properties for software measures are a set of necessary but not sufficient measure axioms. They are advantageous to refute software metrics but not to validate them. Thus, we focus on the theoretical validation of the data warehouse conceptual model metrics using the Distance framework whose sufficiency is ensured by the measurement theory. The results indicate that the metrics are valid measures of the complexity of data warehouse conceptual models. Besides, validation by Distance framework assures that the metrics are in the ratio scale which further aids in data analysis.
I. INTRODUCTION
Data warehouses (DW) store huge amounts of data integrated from one or more disparate sources [1] . They store historical and current data and are thus instrumental in supporting the management of any organization in making informed decisions. They are the backbone of decision making and strategy building for any organization. They are the key enabler for exploring past trends, predicting future business ecosystem and allowing businesses to modify, adapt and evolve. Thus, they provide a vying edge to the organizations and hence need to be very exhaustive.
Due to the ever growing intricacies of the data warehouses [1] , it is paramount to ensure that their quality is given apt importance throughout the development process. This helps in avoiding issues at a later stage when it would be difficult and expensive to implement any change.
Researchers have proposed various development methodologies [2] to ensure data warehouse quality. However, development methodologies alone cannot guarantee DW quality. They need to be reinforced with processes and metrics. Metrics act as objective indicators of quality. They assist the data warehouse designers in making a choice among semantically identical schemas. Several metrics have been proposed [3] which seem to impact the understandability and efficiency of the multidimensional model of a data warehouse.
In order to have a valid set of metrics, they have to be corroborated both theoretically and empirically [4] . Theoretical validation makes certain that the metrics, indeed, quantify the quality attribute they purport to measure. It ensures their construct validity. However, theoretical validation alone does not imply the overall validity of the metrics. They need to be validated empirically as well. Empirical validation establishes the practical usefulness of the metrics. It assures that the metrics are related to some external attribute. However, since the formal validation of measures ensures their internal validity, we consider it as an essential step before the empirical validation takes place. Hence, in this paper we focus on the formal corroboration of data warehouse hierarchy measures.
Formal validation of software measures has followed two approaches as there is not yet a standard technique to formally corroborate the measures. The two paths are as under:
 Axiomatic approaches or Property based approaches as proposed by Briand et al. [5] and Weyuker [6] -These frameworks have put forth a set of properties that characterize software attributes and hence can be used to classify the In this paper, we have focussed on the Distance framework [7] based on measurement theory in order to corroborate the data warehouse metrics proposed by Gosain et al. [9] . The authors had formally corroborated the measures using Briand's property based framework [5] and determined that the hierarchy metrics fulfil the entire property set that characterise them as either length or size measures. However, according to Briand et al. [5] , the property set proposed by them is a necessary but not sufficient set of properties as they don't ensure that the metrics which satisfy them are valid measures. They are advantageous to refute the software metrics but not to corroborate them. This motivated us to further validate the metrics formally. Thus, in this study, we have corroborated the metrics using the Distance framework, whose adequacy is guaranteed by the measurement theory.
Apart from providing a set of sufficient and necessary measure axioms, the approach based on distance is also formal, flexible and generic. It is generic as the measures for the internal attributes of varied software products can be defined using the same set of axioms. It is flexible as alternate definitions can be proposed for an attribute of a software product. A significant effect of this relationship with measurement theory is that the measure defined using the Distance framework is in the ratio scale. Ratio scale measures permit the usage of varied data analysis techniques and hence provide flexibility to the researcher. Another significant advantage of working with distances is that the notion of similarity and dissimilarity is understood quite well and is used in day-to-day life [10] . The Distance framework also has a well defined theoretical base in measurement theory, while the property based or axiomatic techniques for the validation of measures are based on intuition, subjective experience, argumentation, etc.
The organization of the paper is as follows: The related work is presented in Section II. Section III outlines the metrics being validated. Section IV details the distance framework. Section V presents the theoretical validation of the metrics. Section VI concludes the paper.
II. RELATED WORK
The related work has been split into two sections. The first section presents the DW conceptual model quality metrics proposed by researchers and the techniques employed for their theoretical validation while the second section focuses on the use of Distance framework in software engineering to validate the metrics.
Metrics have been proposed by the researchers in the context of DW to quantify the structural complexity of the multidimensional models and assure their quality. They aid in determining the model quality during the early stages of design. The initial proposal of measures for the DW conceptual model was given by Calero et al. [3] . These metrics began the era of objectively evaluating the multidimensional model of a data warehouse and were theoretically validated using the Zuse framework [8] . All the measures belonged to either ordinal or superior scale. Serrano et al. [11] conducted an experiment to assess the relationship between four schema level measures put forth by Calero et al. [3] and conceptual model understandability. They also corroborated the metrics using Briand's property based framework [5] and the measurement theory based frameworks of Zuse [8] and Poels and Dedene [7] . Berenguer et al. [12] defined quality objectives and corresponding measures for DW conceptual models. The metrics were classified as package or diagram level measures. The authors claimed to have formally corroborated the measures using both axiomatic and measurement theory based approaches. Gosain et al. [9] proposed five measures based on dimension hierarchies in the data warehouse conceptual models. The measures have been validated using Briand's framework. Cherfi and Prat [13] proposed measures to quantify the analyzability and simplicity of DW multidimensional models. However, neither empirical nor theoretical validation of the measures was conducted. Hence, the metrics failed to prove their practical utility. Serrano et al. [14] proposed measures for object oriented models of DW on the basis of design elements such as dimension classes, fact classes, dimension hierarchies, etc. They proposed metrics at different levels -diagram, star and class. Serrano et al. [15] formally corroborated the star scope metrics using the Distance framework. Nagpal et al. [16] proposed a comprehensive complexity metric based on the elements in the model and the relationships among them. They corroborated the metrics using Briand's framework. Sabharwal et al. [17] proposed coupling metrics and validated them using Kaner's framework. Table 1 presents a comparison of the existing proposals of multidimensional model quality measures and techniques employed for their theoretical validation. The first column of the table cites the study where the proposal was made. The second column focuses on the quality criteria of the metrics. The third and fourth columns indicate whether formal validation was done and the technique employed for the same. From the last column we observe that Distance framework has been rarely used to corroborate measures in the context of DW. However, lots of researchers (Genero et al. [18] , Tripathi et al. [19] , Rossi and Fernandez [20] , Bajeh et al. [21] , Munoz et al. [22] ) in software engineering have used the said framework to validate quality measures. This further motivated us to validate the DW conceptual model metrics using the Distance framework. Genero et al. [18] have proposed objective measures to quantify the structural properties of entity relationship diagrams. Their measures are related to the understandability and inturn quality of the diagrams. Tripathi et al. [19] have proposed measures to evaluate the Indian e-commerce based web applications for their quality. Rossi and Fernandez [20] presented a metric suite embracing behavioural and structural aspects of distributed applications. The measures quantify the internal attributes of formal models. Bajeh et al. [21] proposed an object oriented metric to determine the complexity of software design. All the above mentioned metric proposals were successfully theoretically validated using the Distance framework. 
III. METRICS FOR DW CONCEPTUAL MODEL
In this paper, we have formally corroborated the metrics proposed by Gosain et al. [9] using the Distance framework. A brief description of the metrics is summarized below:
 NMH -Number of multiple hierarchies in the schema  NLDH -Number of levels in dimension hierarchies of the schema  NAPMH -Number of alternate paths in multiple hierarchies of the schema  NDSH -Number of dimensions involved in shared hierarchies of the schema  NSH -Number of shared hierarchies of the schema
The metrics are exemplified using the conceptual schema shown in Fig. 1 . The values of the metrics for the said schema are calculated in Table 2. IV. DISTANCE FRAMEWORK Poels and Dedene had put forward a conceptual framework based on measurement theory. It is called the Distance framework [7] . It can be used to formally validate software measures. It puts forth the requirements that have to be fulfilled so that mathematical functions could be used as -measures‖. Distance framework proposes a method which helps to verify if those requirements are fulfilled by the software measures. It presents a procedure for measure construction which models the features of software artefacts and defines the corresponding software measures. Object properties are defined by the framework as distances between them and other objects that act as reference point for the concerned measurement. According to the framework, the larger the distance between these objects, the more they are characterised by the properties. Due to such a definition of object properties they can be quantified by functions called -metrics‖ in maths which fulfil the metric axioms. Metric axioms are sufficient and necessary to define distance measures (as defined by measurement theory). This ensures that the formal validation of the measures that have been obtained with distance is proven within the framework of measurement theory. There are five steps in the distance-based measure construction procedure. A brief description of the same is as under:
1. For an internal attribute, x and the corresponding set of software entities, S, pick a set of software entities M that can be considered as measurement abstractions such that they give prominence to the internal attribute x, and describe a function abs: S → M. The next section outlines the results of theoretical validation of the metrics using Distance framework.
V. VALIDATION RESULTS

A. Validation of the NMH Metric
To validate the NMH metric we will follow the steps put forward by the Distance framework. To better understand the procedure we will be using the models represented in Fig. 2 , as an example. Step 1. In this step, we identify a measurement abstraction for the attribute of interest. Since we are working with data warehouses, the set of software entities S, in our case is the Universe of DW Conceptual Models (UDWCM). UDWCM must be pertinent for some Universe of Discourse and s is a DW Conceptual Model (DWCM) ie. s ∊ S. Number of multiple hierarchies in a DWCM is the attribute of interest. Let UMH be the Universe of Multiple Hierarchies admissible to the Universe of Discourse. The set of multiple hierarchies within a conceptual model DWCM, called MH(DWCM) is then a subset of UMH. All the sets of multiple hierarchies within the conceptual models of UDWCM are elements of the power set of UMH, depicted by P(UMH). Thus, we can associate the set of measurement abstractions M to P(UMH) and define the abstraction function as:
This abstraction function determines the extent to which a DWCM is characterized by the number of multiple hierarchies. By comparing such abstractions we can deduce whether a conceptual model is more, equally or less characterized by the number of multiple hierarchies. For better understanding, an example has been taken in which we have the set of multiple hierarchies of DWCM A and DWCM B (Fig. 2) :
Step 2. In this step we model the distances among the elements of measurement abstractions. It is essential to determine a set of elementary transformations for P(UMH) so that any set of multiple hierarchies from P(UMH) can be transformed into any other set of multiple hierarchies by a finite sequence of such transformations. Since the elements of P(UMH) are set of multiple hierarchies, the set Trans can contain elementary transformations of only two types -one for the inclusion of a multiple hierarchy to a set and the other for the removal of a multiple hierarchy from a set. The smallest series of elementary transformations are eligible to be considered as models of distance. Thus, Trans = {t 1 , t 2 }, where t 1 and t 2 are defined as under:
where mh is a set of P(UMH) and can be transformed into any other set of P(UMH) by the addition and removal of corresponding hierarchies.
In the example that we have considered, the distance between abstraction(NMH) for DWCM A and DWCM B can be determined by a series of transformations from the set Trans. MH(DWCM A) can be transformed to MH(DWCM B) simply by one elementary transformation i.e. the removal of Time hierarchy from MH(DWCM A). The two sets can be made equal by other sets of elementary transformations also but since this is the shortest sequence, we have considered it.
Step 3. In this step, the distance between two sets of multiple hierarchies in P(UMH) is quantified. This distance is determined by the measure of the smallest series of elementary transformations that make both the sets equal. Given two sets, mh, mh' ∊ P(UMH), if an element is contained in either mh or mh' but not both then exactly one transformation is needed to make them equal. Thus, the distance between the sets is equivalent to the cardinality of the symmetric difference between mh and mh'.
The symmetric difference model, for our example, gives a value of 1 for the distance among the set of multiple hierarchies of DWCM A and DWCM B. Formally,
Step 4. In this step, a reference abstraction is identified for the attribute of interest. The void set of multiple hierarchies would form the reference abstraction in this study. A DWCM will have the lowest value for the NMH metric if it has no multiple hierarchies. Thus, we can define the following function:
Step 5. The software measure is defined in this step. The number of multiple hierarchies of a DWCM can be determined by the distance between its set of multiple hierarchies i.e. MH(DWCM) and the empty set. It is the smallest series of elementary transformations between MH(DWCM) and Ø. Thus, the NMH metric can be perceived as a function that returns for any DWCM ∊ UDWCM the value of the measure for the sets MH(DWCM) and Ø :
This proves that the NMH metric is theoretically valid.
B. Validation of the NAPMH Metric
Step 1. The measurement abstraction for the attribute of interest i.e. the number of alternate paths in multiple hierarchies (NAPMH) can be defined as: consider the set of alternate paths in multiple hierarchies of DWCM A and DWCM B (Fig. 2) :
Step 2. The definition of the set Trans of elementary transformation types on P(UAPMH) that is both constructively and inverse constructively complete is : Trans = {t 1 , t 2 }, where
where apmh, is a set of P(UAPMH) and can be transformed into any other set of P(UAPMH) by the addition and removal of corresponding alternate paths from the hierarchies.
In the example that we have considered, the shortest sequence of elementary transformations that can determine the distance between the abstraction(NAPMH) for DWCM A and DWCM B is the removal of the paths Week_Year and Month_Season_Year from SAPMH(DWCM A).
Step 3. This step determines the metric space (P(UAPMH), ). The distance between any two sets of alternate paths in multiple hierarchies in P(UAPMH) can be quantified by the smallest series of elementary transformations that makes both the sets equal.
The symmetric difference model, for our example, gives a value of 2 for the distance among the set of alternate paths in multiple hierarchies of DWCM A and DWCM B. Formally,
Step 4. This step determines the reference abstraction RefNAPMH ∊ P(UAMPH) for the number of alternate paths in multiple hierarchies. There exists conceptual models with no multiple hierarchies and hence, no alternate paths in multiple hierarchies. Thus, the RefNAPMH is the void set.
Step 5. The software measure is defined in this step. The number of alternate paths in multiple hierarchies of a DWCM can be determined by the distance between its set of alternate paths in multiple hierarchies i.e. APMH(DWCM) and the empty set. It is the smallest series of elementary transformations between APMH(DWCM) and Ø. Thus, the NAPMH metric can be perceived as a function that returns for any DWCM ∊ UDWCM the value of the measure for the sets APMH(DWCM) and Ø:
This proves that the NAPMH metric is theoretically valid.
C. Validation of the NDSH Metric
Step 1. The measurement abstraction for the attribute of interest i.e. the number of dimensions participating in shared hierarchies (NDSH) can be defined as:
As an example we will consider the set of dimensions participating in shared hierarchies of DWCM A and DWCM B (Fig. 2) :
Step 2. The definition of the set Trans of elementary transformation types on P(UDSH) that is both constructively and inverse constructively complete is: Trans = {t 1 , t 2 }, where
where dsh is a set of P(UDSH) and can be transformed into any other set of P(UDSH) by the addition and removal of corresponding dimensions from shared hierarchies.
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In the example that we have considered, the shortest sequence of elementary transformations that can determine the distance between the abstraction(NDSH) for DWCM A and DWCM B is the removal of the Product dimension from SDSH(DWCM A).
Step 3. This step determines the metric space (P(UDSH), ). The distance between any two sets of dimensions participating in shared hierarchies in P(UDSH) can be quantified by the smallest series of elementary transformations that makes both the sets equal.
The symmetric difference model, for our example, gives a value of 1 for the distance among the set of dimensions participating in shared hierarchies of DWCM A and DWCM B. Formally,
Step 4. This step determines the reference abstraction RefNDSH ∊ P(UDSH) for the number of dimensions participating in shared hierarchies. There exists conceptual models with no shared hierarchies and hence, no dimensions participating in shared hierarchies. Thus, the RefNDSH is the void set.
Step 5. The software measure is defined in this step. The number of dimensions participating in shared hierarchies of a DWCM can be determined by the distance between its set of dimensions participating in shared hierarchies i.e. DSH(DWCM) and the empty set. It is the smallest series of elementary transformations between DSH(DWCM) and Ø. Thus, the NDSH metric can be perceived as a function that returns for any DWCM ∊ UDWCM the value of the measure for the sets DSH(DWCM) and Ø:
This proves that the NDSH metric is theoretically valid.
The measure construction and theoretical validation process of NSH and NLDH is analogous to that of the NMH, NAPMH and NDSH metrics and is summarized in Table 3 . Since the Distance framework has been used to define the measures, they can all be described as distances. This guarantees that they are all characterised by the ratio scale and hence are formally sound software measures.
VI. CONCLUSION
In this paper, we have used the measurement theory based Distance framework to formally validate the data warehouse hierarchy metrics. The said metrics had previously been validated using Briand's property based framework. However, it offers a preferable set of properties to validate the software metrics which is not sufficient. Thus, we have employed Distance framework to validate the hierarchy metrics which offers a set of sufficient and necessary measure axioms. The measures validated using this framework are above the ordinal scale and hence a wide range of data analysis techniques can be used to analyse them. All the five hierarchy measures (NMH, NAPMH, NLDH, NSH and NDSH) have been successfully corroborated using the Distance framework. Thus, they are valid measures of data warehouse conceptual model complexity. 
where UC is the Universe of classes LongestPath(C)⊆UC is the set of classes that are a part of dimension hierarchy When multiple hierarchies are considered, only the classes in the longest hierarchy are taken into consideration Metric NLDH is the largest value of NLDH computed for all the classes present in DWCM
